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Abstract
Continuous demand for improvement of material performance in structural
applications pushes the need for materials that are able to fulfill multiple
functions. Extensive work on effective static properties of different archi-
tected materials have shown their ability to push the modulus-density design
space, in terms of high effective moduli at low relative density. On the other
hand, variations in geometry allow for these materials to manipulate mechan-
ical wave propagation, producing band gaps at certain frequency ranges. The
enhanced static and vibration properties of architected metamaterials make
them ideal candidates for multi-functional purposes. In this paper, we take
inspiration from the mass-efficient static behavior of different lattice geome-
tries to fully explore the capabilities of a periodic and locally resonant metas-
tructure design platform. We numerically study the influence of four different
lattice topologies on the dynamic and static behavior of metastructures that
combine a periodic lattice geometry with locally resonant inclusions. We
analyze the influence of lattice geometry on band gap frequencies in terms
of the lattice effective static properties. We show that vibration mitigation
over a wide range of frequencies is achieved by tailoring the lattice geometry
for constant unit cell mass and size. Specifically, by selectively placing mate-
rial inside the unit cell, we achieve up to a 6-fold change of lower edge band
gap frequency and up to an 8-fold change of normalized band gap width, for
metastructures with low-density lattices. We introduce multi-functional per-
ii
formance parameters to evaluate the metastructures in terms of their effective
static stiffness and band gap properties. These parameters can inform the
design of tailored materials that have desired mechanical and dynamic prop-
erties for applications in e.g., aerospace and automotive components, and
energy infrastructure. Finally, we experimentally validate finite and infinite
finite element models by using impulse testing on a cubic metastructure.
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1 Introduction
According to Brilluoin [2], concepts of wave propagation in one-dimensional
periodic structures where first studied by Newton [3] in an attempt to find
speed of sound. Due to the lack of knowledge on partial differential equa-
tions at the time, Newton modeled air as a one-dimensional mass spring
system, applied his second law and was able to obtain a solution for the
long-wavelength region. Lord Kelvin expanded this analysis to wavelengths
of the order of the periodicity constant [4]. He even analyzed one-dimensional
diatomic chains finding what we now call “band gap” or “stopping band.”
Brilluoin expanded the analysis to 2- and 3-dimensional periodic media [2]
introducing important concepts such us the ”Irreducible Brilluoin zone”. The
use of intentionally ordered periodic media for wave propagation control was
first explored in electromagnetic waves in what was later referred as pho-
tonic crystals [5–7]. Band structures for phononic crystals, which are the
equivalent of photonic crystals but for elastic/acoustic waves, were obtained
by Sigalas and Economou [8] and Kushwaha [9] a few year later. In these
articles full phononic band gaps are calculated in two-dimensional periodic
arrays of metal cylinders in a host matrix. In 1995, acoustic wave suppres-
sion was measured in a sculpture made of a periodic array of vertical steel
tubes in Madrid [10]. This was the first experimental evidence of band gaps
in acoustic waves.
The vibration mitigation properties of phononic crystals is based on Bragg
scattering mechanisms and thus, band gaps are generated in wavelengths
of the order of the periodicity constant. This can be a limitation when
mitigation is required at low-frequencies and confined spaces. In 2000, Liu
et. al. [11] experimentally showed that by embedding lead spheres coated
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with silicon rubber inside an epoxy matrix, sub-wavelength acoustic band
gaps can be obtained. The band gap formation of this material does not
rely on periodicity but on local resonance phenomena. Materials that obtain
their novel phononic properties from local resonance phenomena were later
referred to as acoustic metamaterials, which also obtain their name from
their electromagnetic counterpart [12].
During the last two decades, phononic crystals and acoustic metamaterials
have revolutionize control of acoustic and elastic wave propagation [13–15].
Through such materials, we can obtain novel properties such as band gaps
[10,11], negative refraction [16–18], acoustic cloaking [19], broad band mode
conversion [20], fluid-like behavior [21,22], surface wave guides [23] and acous-
tic topological insulators [16,24,25]. In what refers to vibration suppression,
many efforts have been made targeting low frequency and broadband band
gaps. Wang et al. [26] demonstrated that locally resonant band gaps can be
achieved in 2D periodic lattices by tuning their connectivity; D’Alessandro
et al. [27] and D’Alessandro et al. [28] developed a 3D single-phase phononic
crystal that shows ultra-wide complete band gaps. Taniker and Yilmaz [29]
use inertial amplification mechanisms to obtain wide and low frequency band
gaps in an octahedron lattice. Hussein and Frazier introduce the concept of
”meta-damping” where they use local resonance phenomena for enhanced
damping [30]. Baravelli and Ruzzene [31] use chiral structures with local res-
onances to confine energy, enhance dissipation and generate band gaps in an
aluminum beam frame. These architected materials open up the possibility
to embed vibration suppression properties in the constituent material of an
engineering component.
On the other hand, architected materials have shown enhanced properties
in other fields of mechanical engineering. In what refers to static proper-
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ties, they have opened up new areas of Ashby charts. This, in addition to
evolving 3D printing techniques that enable their manufacturing, have mo-
tivated researchers to explore a variety of architectures [32] ranging from
lattice topologies [33–38], foam-like metamaterials [39] triply periodic min-
imal surface geometries [40, 41], hierarchical structures [42, 43], honeycomb
structures [33, 44,45], and woven topologies [46–48].
Static and dynamic enhanced mechanical properties make architected ma-
terials promising for multifunctional applications. For example, previous in-
vestigations have explored architected materials with static, thermo-mechanical
and energy absorption properties [40, 44, 49–53], tunable Poisson’s ratio and
vibration mitigation [54], and honeycomb sandwich panel structures that are
stiff and can attenuate noise [55, 56]. The relationship between static and
band gap properties of architected materials has also been studied in the
literature [57,58].
In this work, we get motivation from prior work that combines an archi-
tected lattice material with embedded steel resonators for band gap forma-
tion [59] to study competing mechanical properties in metamaterials, specif-
ically static stiffness and low frequency vibration mitigation. We believe
that the study of such challenge is important to address the higher mass
efficiency levels required in aerospace, aircraft, and automotive components.
While vibration propagation control is not only crucial for customer satis-
faction, especially in aircraft, and automotive systems, as well as safety of
the components such us protecting satellites or electronic equipment from
their dynamic environment during satellite launch, in many cases, suppress-
ing vibrations typically require additional damping material or active control
mechanisms. The overall mass of the system is then substantially increased.
Thus, we believe that a stiff, mass efficient material that additionally includes
3
vibration control capabilities can avoid the need to add alternative vibration
attenuation mechanisms improving system performance.
Here we present a systematic comparison of static elastic properties to band
gap properties in metastructures, and a way to interpret the band gap fre-
quencies in terms of local static effective properties of their constituents. To
do this, we expand the design space of metastructures introduced in Matlack
et al. [59]. We study this metastructure design because it has numerically
and experimentally shown to support tailorable band gaps through small
manipulations of its lattice geometry. Band gaps in these metastructures are
bounded between acoustic modes and optical modes, which makes them par-
ticularly suitable for achieving low frequency band gaps. Further, it is a 3D
structure so it could conceivably be incorporated into structural components,
and a straightforward manufacturing procedure was previously introduced to
fabricate these metastructures [59]. The main objectives of this paper are to
show how this metastructure design platform can achieve band gaps across
different frequency ranges, to understand why different metastructures have
different band gaps, and to understand the trade-offs between their band gap
frequencies.
In this work, we analyze four different lattice-resonator metastructures
with different lattice topologies: cubic, Kelvin, octet and idealized foam. We
use finite element methods (FEM) to numerically analyze their static and
dynamic behaviors. We analyze the effective static properties of both the in-
dividual lattices and the metastructures, for lattice relative densities ranging
from 1% to 28%. We analyze wave propagation through metastructures with
1D periodicity, to understand the influences of lattice geometry and relative
density on their band gaps. Modal analysis is used to qualitatively explain
the differences in the dispersion curves in terms of the interaction between
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the lattice and resonators, as well as lattice effective properties. We calculate
vibration transmission through finite metastructures to study the efficiency
of wave mitigation. We compare the metastructure’s dynamic performance
in terms of their broadband and low-frequency band gap characteristics and
introduce multifunctional performance parameters that evaluate the metas-
tructures in terms of their vibration mitigation behavior and static stiffness.
Finally, we use additive manufacturing to fabricate a cubic metastructure
with 15% relative density and use an impulse testing technique [22,60,61] to
experimentally validate our finite element models.
5
2 Metastructure Geometry
The metastructures studied combine a periodic lattice geometry with em-
bedded local resonators, introduced previously [59]. These metastructure
unit cells (figure 1b) are composed of an array of lattice unit cells modeled
as polycarbonate (figure 1a) with an embedded solid steel cube resonator.
Four different lattice unit cells are studied: idealized foam [62], Kelvin or
tetrakaidekahedron, cubic, and octet (figure 1a). The metastructure unit
cells studied contain a 5Lx5Lx6L array of the lattice (figure 1b). Note the
6L dimension along the length is to accommodate the idealized foam geom-
etry configuration.
The idealized foam lattice is based on the geometry originally proposed by
Gibson and Ashby [62]. It is designed to contain 3 struts at each node in
order to introduce bending deformations in a cubic unit cell, which results in a
modified cubic unit cell of 2L to maintain a cube side length of L. All other
lattices geometries contain a unit cell length of L. Finite metastructures
explored in the multifunctional analysis are configured as 6 metastructure
unit cells in length (figure 1c) since it has been shown that this is enough to
approximate band gaps of an infinitely periodic medium [59].
The static properties of the lattice geometries and the static and dynamic
properties of the metastructures are evaluated in terms of the relative density
of their lattice unit cells (ρrel). We hold the lattice unit cell length (L)
constant and vary the thickness (t) to achieve lattice relative densities from
1% to 28% without changing the metastructure periodicity constant (a).
Geometry dimensions of the lattices are given in table 1.
We must explicitly point out that ρrel does not include the resonator,
whose mass and size remains constant across all metastructures presented
6
t (mm) ρrel (%) L (mm) a (mm)
swept 1→28 4 24
Table 1: Dimensions of the metastructures studied
here. Including the resonator, the metastructure relative densities studied
here range from 61% to 72%, where 100% relative density represents the steel
resonator embedded in bulk polycarbonate. We present results in terms of
lattice relative density to highlight the differences in band gaps that can be
achieve due only to differences in geometry, while keeping the total mass
constant. This treatment also allows us to confirm the lattice unit cell static
results to those in the literature [34,35,38,62], and to interpret band gaps of
the metastructures in terms of the lattice unit cell properties. However, a fair
comparison with other vibration mitigation materials should be done in terms
of the metastructure relative density, and not the lattice relative density.
To address this, we include metastructure relative density as a reference in
figures related to metastructure properties.
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Figure 1: Metastructure geometries. (a) Lattice unit cells. (b)
Metastructure unit cells. (c) Finite metastructures.
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3 Finite Element Methods
3.1 Lattice effective properties
We calculate lattice effective properties (Elattice and Glattice) using 3D Finite
Element simulations in COMSOL Multiphysics V5.3 software and an elasto-
static homogenization approach [41, 63]. We model a single lattice unit cell
(figure 1a) and use 10-node tetrahedral elements. Mesh size is chosen accord-







where [C]∗ijkl is the effective stiffness tensor, ε
∗
ij is the macroscopic strain
defined as the ratio of face displacement of the lattice unit to initial unit cell







where A is the effective surface area and R the corresponding reaction
force. The lattices analyzed in this thesis show a cubic geometric symmetry
thus, only 3 of the 21 independent effective elastic constants remain [64].
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To model periodicity, we applied periodic boundary condition such that:
udst = usrc (4)
where udst are the displacements of one face of the lattice unit (the desti-
nation face), and usrc are the displacements of the opposite face of the lattice
unit (the source face).
We then perform two different static simulations, uni-axial strain and pure
shear, to obtain the effective stiffness constants on equation 3. Under uni-
axial strain, we apply a prescribed displacement δ1 to the face perpendicular
to the 1-direction and fix the opposite face in the 1-direction (figure 2a).
We apply periodic boundary conditions according to equation 4 to all other









Under pure shear we apply two pairs of displacements δ13 parallel to the
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lattice unit cell faces as shown in figure 2b. We apply periodic boundary con-
ditions according to equation 4 to the other two faces. Under these boundary





We then calculate Elattice and Glattice as:
Elattice =
C211 + C11C12 − 2 ∗ C212
C11 + C12
(8)
Glattice = C44 (9)
We vary the relative density of the lattice unit cells keeping unit length con-
stant and sweeping the thickness of the struts that compose it. We calculate
Elattice and Glattice for all lattice geometries. We find the best-fit exponential
curve of Elattice and Glattice vs. ρrel using the least-squares method to extract
scaling exponents.
Figure 2: (a) Uni-axial strain, (b) Pure shear boundary conditions
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3.2 Finite metastructure static stiffness
We obtain finite metastructure static stiffness (Kstatic) properties from 3D
Finite Element simulations in COMSOL Multiphysics V5.3. We model a
six-unit one-dimensional finite metastructure (figure 1c) and use 10-node
tetrahedral elements. Mesh size is chosen according to section 3.5. We nu-
merically calculate the force and displacement profiles of the finite metas-
tructure under static loading, and then use force-displacement relations of a
conventional cantilever beam to calculate the axial, bending, and torsional
stiffnesses of the metastructures. For axial stiffness (Kaxial), we fix one end of
the metastructure and we apply a displacement (δx) parallel to the direction





where Fx is the total reaction force at the fixed end parallel to the di-
rection of periodicity. For bending stiffness (Kbend), we fix one end of the
metastructure and we apply a displacement (δy) perpendicular to the direc-





where Fy is the total reaction force at the fixed end perpendicular to the
direction of periodicity. For torsional stiffness (Ktors), we fix one end of the
metastructure and we apply a rigid connector to the opposite end. We apply
an angular displacement (θx) about the direction of periodicity to this face.
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where Mx is the total reaction moment at the fixed end about to the
direction of periodicity. The relative density of the lattice cells is varied by
keeping unit length constant and sweeping the thickness of the struts that
compose it. We find the best-fit exponential curve for Kaxial , Kbend and
Ktors vs. ρrel using the least-squares method to extract the corresponding
scaling exponents.
3.3 Dispersion relations
We obtain the dispersion relations by 3D Finite Element simulations in COM-
SOL Multiphysics V5.3 software. We model a single metastructure unit (fig-
ure 1b) and use 10-node tetrahedral elements. Mesh size is chosen according
to section 3.5. To model x-axis periodicity, we impose Floquet boundary
conditions in the external faces perpendicular to the x-direction such that:
udst = usrce
−ika (13)
where udst are the displacements of a face of the metastructure unit which
is perpendicular to the x-direction (the destination face), usrc are the dis-
placements of the opposite face of the metastructure unit (the source face),
k is the wave number and a is the periodicity constant (figure 1b). We then
solve the eigenvalue problem:
[K]− ω2[M ] = 0 (14)
13
were [K] is the stiffness matrix and [M ] the mass matrix, for this set of
boundary conditions and for k values ranging from 0 to π
a
(which corre-
sponds to first irreducible Brillouin zone for 1-dimensional periodicity [2]).
Dispersion diagrams are obtained by plotting results in the wavenumber vs.
frequency space. We vary the relative density of the lattice unit cells by
keeping unit length constant and sweeping the thickness of the struts that




where [K](i) and u(i) are the modal stiffness and the vector containing the
modal displacements of mode (i), respectively. We calculate [K](i) of each
mode for all metastructures and relative densities. We calculate the best-fit
exponential curve for [K](i) vs. ρrel using the least-square method to extract
scaling exponents.
3.4 Finite transmission
We obtain the transmission curves by 3D Finite Element simulations in
COMSOL Multiphysics V5.3 software. Mesh size is chosen according to sec-
tion 3.5 and 10-node tetrahedral elements are used. For results presented in
section 5.4, we model a six-unit one-dimensional finite metastructure (figure
1c). We assume a linear response of the system and perform a frequency
sweep analysis over a range of frequencies from 0 to 13,000Hz. We fix one
end of the metastructure and we apply a harmonic displacement (δx) parallel
to the direction of periodicity to the opposite end. We define transmission as
the ratio of output to input force amplitudes. For results presented in section
7.2, we model the five-unit one-dimensional finite metastructure shown in fig-
14
ure 13a. In order to approximate boundary conditions of the experimental
set-up, we apply a harmonic displacement (δx) parallel to the direction of
periodicity to one end and leave the opposite end free. We assume a linear
response of the system and perform a frequency sweep analysis over a range
of frequencies from 0 to 10,000Hz. We define transmission as the ratio of
average output to input displacement amplitudes.
3.5 Mesh sensitivity
We perform mesh sensitivity analysis for the eigenfrequency analysis of infi-
nite cubic, idealized foam and Kelvin metastructures (figure 3). We analyzed
convergence of the first 10 modes at ka
π
= 1 and at ρrel = 8.3%. The mesh
size is then chosen to be within 3% error of the finest mesh. We assume
that keeping thickness to mesh size ratio constant throughout all simulations
results in a similar convergence trend.









Polycarbonate 1097 1 0.35
Steel 7850 215 0.31
Table 2: Material properties used for finite element simulations.
3.6 Material properties and models
For all simulations except those presented in section 7, materials are based on
prior 3D printed metastructures [59] but chosen to be isotropic. Even though
3D printing methods do not achieve isotropy due to the material properties
dependence on printing direction, it is the main objective of the paper to
identify effects due to geometry changes and not due to material anisotropy.
We use a linear elastic material model with no damping. Material properties
used in all models are given in table 2.
For all simulations presented in section 7, we model the polymeric material
as an isotropic frequency independent viscoelastic material model to account
for damping in the metastructure. We model the viscoelastic properties by
using a complex Young’s modulus such that:
E∗ = E(1 + j ∗ ilf) (16)
We use values of Young’s modulus reported by the manufacturer (E =
2.7GPa) [65]. We approximate the isotropic loss factor with values reported
in Jung et. al. [66] for polycarbonate (ilf = 0.06). Future work involves
dynamic material characterization. All other material properties are kept
according to table 2.
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4 Static property results
4.1 Lattice static properties
Prior work has shown the ability to open new areas of the stiffness-relative
density space through lattice materials [34, 35, 38, 62]. Furthermore, at low
relative densities where the strut cross section is small compared to its length
and the effects of vertex stiffness do not play a major role, the scaling laws
of static effective properties of the lattice material can be described by the









where ρrel is the lattice relative density, C,D, n, and r are proportionality
constants and scaling exponents that depend on the lattice geometry, Es
is the Young’s modulus of the bulk material and Elattice and Glattice are the
lattice effective Young’s and shear moduli, respectively. Lattice materials can
be further classified into bend- and stretch-dominated structures, depending
on the predominant deformation of their struts when exposed to external
loading [67]. Effective moduli of bend-dominated lattices have a quadratic
dependence on relative density (n = 2, r = 2) while effective moduli of
stretch-dominated lattices have a linear dependence (n = 1, r = 1).
Here, we characterize the effective moduli of the four lattice geometries
(without an embedded resonator) presented in figure 1a. We will use these
lattice properties to understand the static and dynamic behavior of the
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metastructures. Results are plotted in double logarithmic scale in figure
4 and calculated scaling exponents n and r and proportionality constants C
and D are presented in table 3.
We observe a stretch-dominated behavior of the octet lattice and bend-
dominated behaviors of Kelvin and idealized foam lattices, consistent with
many prior works [34,35,38,62]. The cubic lattice exhibits a mixed behavior.
Under tension or compression, its behavior is stretch-dominated since the
struts parallel to the applied force compress while the perpendicular ones
have a negligible deformation. However, under shear deformation, struts
perpendicular to the load direction bend, and struts parallel to the load
direction have negligible deformation, thus its behavior is bend-dominated.
This behavior applies to the low relative density range (up to about 15%).
At larger lattice relative densities, the rigidity of the vertex has a larger in-
fluence, i.e., bending deformation in stretch- dominated structures and axial
deformation in bend-dominated structures cease to be negligible. The moduli
at higher relative densities gradually deviate from the presented approxima-
tions.
Geometry n r C D
Idealized foam 2.1 2.1 1.1 0.1
Kelvin 2.1 2.3 1.2 0.9
Cubic 1.1 2.2 0.5 0.2
Table 3: Scaling exponents and proportionality constants for power-law
approximations of Elattice and Glattice for the four lattice geometries.
4.2 Metastructure static properties
We calculate the static stiffness, Kstatic, of finite metastructures shown in
figure 1c. The finite metastructures have a beam like geometry, thus we can
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Figure 4: Lattice effective mechanical properties in terms of lattice relative
density. Effective (a) Young’s modulus and (b) shear modulus
numerically calculate effective axial (Kaxial), bending (Kbend) and torsional
(Ktors) stiffnesses using the force-displacement relations that define static
stiffness of a conventional cantilever beam (see section 3.2). We character-
ize Kstatic for metastructures to (1) understand the influence of Elattice and
Glattice (lattice static properties) on Kstatic (metastructure static properties),
and (2) to characterize the multifunctional properties of finite metastruc-
tures in terms of their static and dynamic (band gap) properties. We focus
on stiffness properties of metastructures (as opposed to modulus values) be-
cause due to their beam-like geometry, we can characterize the metastructure
static behavior in terms of well-known concepts of beam axial, bending and
torsional stiffness.
The calculated Kstatic of the metastructures as a function of lattice rel-
ative density (figure 5) follow the power-law approximation in equation 17
for lattice effective properties. We observe that the scaling exponents of
Kstatic (table 4) agree with those of Elattice (table 3). Thus, we infer that
Kaxial ∝ Elattice. In the same way, agreement of scaling exponents of Ktors
(table 4) with those of Glattice (table 3) suggest that Ktors ∝ Glattice. For
Kbend, both Elattice and Glattice seem to be involved. The transition in slope
in the double logarithmic scale of the cubic metastructure (figure 5b) from
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1.6 to 1.3 suggests a stronger dependence on Elattice with increasing lattice
relative density. This is consistent with shear deformations observed at lower
lattice relative density (figure 5d) that decrease in magnitude at higher lattice
relative density values (figure 5e)). Note the transition is not present in other
lattices due to the similar scaling exponents of their Elattice and Glattice. While
we keep the resonator size constant throughout all static analyses of finite
metastructures in this work, it should be noted that the size of the resonator
changes Kstatic. The resonator stiffens the lattice within the metastructure
at the lattice-resonator interface, resulting in an overall increase in Kstatic.
An increase in resonator surface area increases Kstatic, and an increase in
resonator volume also increases Kstatic since the resonator material is signif-
icantly stiffer than that of the lattice. As we decrease resonator size, Kstatic
asymptotically approaches values of Kstatic for a metastructure made purely
of lattice material without a resonator.
Geometry Kaxial Kbend Ktors
Idealized foam 2.1 2.2 2.2
Kelvin 2.1 2.1 2.3
Cubic 1.1 1.6→1.3 2.2
Octet 1.1 1.1 1.1
Table 4: Scaling exponents for power-law approximations of axial, bending,
and torsional stiffness of finite metastructures.
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Figure 5: Finite metastructures mechanical properties. (a) Kaxial (b) Kbend
(c) Ktors (d) Deformation of cubic finite metastructure with 1% relative
density under bending. (e) Deformation of cubic finite metastructure with
28% relative density under bending. Metastructure relative densities are
shown for comparison.
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5 Wave propagation in metastructures
5.1 Band gaps
The dispersion relations and modal displacements of the four different metas-
tructures for a lattice relative density of 8.3% are presented in figure 6. In
order to achieve the same lattice relative density and constant unit cell size
across all geometries, we use different lattice thicknesses for the different
metastructures. Dispersion curves show that the selective placement of the
material inside the lattice unit cell space results in considerable differences
in band gaps of the metastructures. The lower edge of the band gap ranges
from 1,099Hz in the idealized foam metastructure to 2579Hz in the octet
metastructure. This is about a 2-fold difference without any change in total
mass. In the same manner, normalized band gap widths range from 101% in
the octet metastructure to 37% in the cubic metastructure (about a 3-fold
change in normalized band gap width). These metastructures show a large
range of their band gap properties while keeping the total mass constant,
solely due to the difference in lattice geometry.
5.2 Analyzing band gaps in terms of lattice static properties
Analysis of the modal displacements presented in figure 6 shows that the
band gaps are generated between lower frequency resonator modes, where
most of the modal mass is concentrated in the resonator, and higher fre-
quency lattice modes, where modal mass is concentrated in the lattice. We
observe four low-frequency resonator modes: two bending modes, one tor-
sional mode, and one axial mode. As an example, we analyze these modes
and their dependence on lattice static properties through the example of the
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octet metastructure (figure 7). However, this analysis can be extended to
other metastructure geometries since, as we observe in figure 6, they show
analogous modal displacements to that of the octet.
5.2.1 Resonator modes
The first bending resonator mode (figures 6a1,b1,c1,d1) is characterized by
a translation of the resonator perpendicular to the axis of wave propagation.
In this dispersion branch, there are actually two degenerate bending modes
due to symmetry and material isotropy. The modal displacements reveal that
the transverse motion of the resonator produces shearing of the lattice units
to the left and right of the resonator (figures 7d1). From this observation,
we infer that the modal stiffness of this mode will be proportional to Glattice.
This is consistent with the fact that the frequency at the band edge increases
with increasing Glattice (in ascending order: idealized foam, cubic, Kelvin,
octet).
The second resonator bending mode (figures 6a4,b4,c3,d4) is characterized
by a rotation of the resonator about an axis perpendicular to the axis of
wave propagation. Like the first bending mode, there are two of these modes
(rotation about the y and z − axis), which are degenerate. Because of its
higher order nature, this mode does not start from the origin of the dispersion
diagram, thus it is interesting to inspect its evolution along the Floquet
boundary conditions (see section 3.3) wavenumber spectrum. At ka
π
= 0
(long wavelength regime) the impose equal displacement fields on the two
faces of periodicity. As a result, the rotation of the resonator generates
shearing of the lattice units that surround it (figure 7d4 (ka
π
= 0 )). The
deformation of the unit cells suggest that the modal the Floquet boundary





= 1, the periodic faces to be equal in magnitude and
opposite in sign. Here, we observe relative displacement in the y− direction
(or z for the analogous mode) between lattice units in front of and behind
the resonator as it rotates. These units now stretch or compress (depending
on their location) and the shear deformation of top and bottom lattice units
seems to be reduced (figure 7d4). From analyzing the mode shapes, we
predict that modal stiffness will transition from being proportional to Glattice
to being proportional to Elattice, as wavenumber increases. We observe that
as Glattice increases so do the frequencies of this mode at the long wavelength
edge (idealized foam, cubic, Kelvin, octet in ascending order). Frequencies at
the low wavelength edge increase with Elattice (idealized foam, Kelvin, octet,
cubic in ascending order). Cubic and idealized foam metastructures exhibit
a positive slope of this mode whereas octet and Kelvin metastructures have
a negative slope. The relationship between Elattice and Glattice of individual
lattices does not solely explain why the sign of the slope of this mode varies
among metastructures, so there must be additional influences related to how
strongly the lattice properties contribute to modal stiffness and differences
in modal mass at ka
π
= 0 compared to ka
π
= 1.
The torsional resonator mode (figures 6a2,b2,c2,d3) consists of the rota-
tion of the resonator about the axis of wave propagation. This mode involves
shear deformation of the lattice unit cells (figure 7d3). The modal displace-
ment increases with x − distance from the resonator, and the lattice units
immediately surrounding the resonator simply rotate without any deforma-
tion. We look once more at the dispersion diagram and confirm that the
frequency of this mode increases with Glattice (in ascending order: idealized
foam, cubic, Kelvin, octet).
In the axial resonator mode (figures 6a3,b3,c4,d2) the resonator translates
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in the direction of wave propagation. The lattice deforms under both shear
and compression/tension depending on their location (figure 7d2). While
lattice unit cells to the left and right of the resonator compress and stretch,
unit cells located at the top and bottom of the resonator shear. The modal
stiffness of this mode is thus dictated by both Elattice and Glattice. We inspect
the dispersion relations and observe that frequencies of this mode increase
with Elattice +Glattice (in ascending order: idealized foam, Kelvin, octet, and
cubic). Note this mode was used in prior work to change the number of
beams undergoing stretch, to preferentially lower the band gap [59].
We gather further supporting evidence of the effects of lattice effective
properties on the metastructure band gaps by observing how modal stiffness
of each mode evolves with lattice relative density. Following the form of lat-
tice and metastructure static properties, we predict that the modal stiffness
will follow a power- law behavior with respect to the lattice relative density.
We calculate the scaling exponents of the best-fit curve of modal stiffness vs.
lattice relative density and present them in table 5. We observe that scaling
exponents of the 1st bending mode agree quite well with those of Glattice
(table 3) for all metastructures. Thus, the modal stiffness 1st bending mode
is proportional to Glattice. Similarly, we find agreement between scaling ex-
ponents of 2nd bending (ka
π
= 0) modal stiffness and Elattice, 2nd bending
(ka
π
= 1) modal stiffness and Glattice, 1st torsional modal stiffness and Glattice.
The 1st axial modal stiffness depends on both Elattice and Glattice and so it
requires special attention. For all lattices except the cubic, their scaling ex-
ponents are the same for both Elattice and Glattice and they agree with that
of 1st axial modal stiffness. In the cubic case, we observe agreement between
cubic Elattice and 1st axial modal stiffness scaling exponent. This is because

























2.1 2.1 2.1 2.2 2.4 2.2 2.2
Kelvin 2.3 2.3 2.1 2.3 2.2 2.2 2.3
Cubic 2.2 2.2 1.2 2.2 1.2 2.1 2.2
Octet 1.1 1.1 1.1 1.1 1.2 1.2 1.3
Table 5: Scaling exponents for power-law approximations of modal stiffness





By analyzing the mode shapes, we conclude that the modal stiffness of the
resonator modes depends strongly on the effective properties of the lattice.
The first bending modes are dominated by the Glattice, the second bending
modes transition from being dominated by Glattice to being dominated by
Elattice, the axial mode is dominated by a combination of Elattice and Glattice
and the torsional mode is dominated by the Glattice. Since the lower edge
of the band gap in these metastructures are generally dominated by the
resonator modes, this gives us a way to estimate the lower edge frequency
range or inform the design of the metastructure to tune the lower edge of the
band gap to the desired frequency range.
5.2.2 Lattice modes
In the metastructure’s high frequency range, the resonator’s displacement is
negligible, and the modal displacement is isolated in the lattice units (figures
6a5-6,b5-6,c5-6,d5-6). Since the modal mass is much smaller than that of
the resonator modes, these modes are generated at higher frequencies. As
observed in figure 6 there are numerous upper lattice modes. Since we are
interested in low frequency band gaps, we will only analyze those that define
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Figure 6: Dispersion relations and modal displacement for the different
metastructures with lattice relative density equal to 8.3%. (a) Idealized





Figure 7: Detailed view of octet modal displacements, according to figure 6.
Geometries are cross-sectioned for a better description of motion. Modal
displacements are taken at ka
π
= 1 unless specified
the upper edge of the first full and polarized band gaps (see section 6.1).
Torsional and full band gaps upper edge is defined by the second torsional
mode (figures 6a5,b5,c5,d5). Taking a closer look at the modal displacements
it can be observed that since the resonator has small movement so do the faces
of the lattice units attached to it (figure 7d5). The displacement of the rest of
the unit cell is parallel to the resonator’s face and increases further away from
it. The displacement visually approximates shearing of the lattice unit cells,
so we hypothesize that this upper mode modal stiffness should primarily
depend on Glattice. We inspect the dispersion diagrams and find that the
upper mode frequencies increase with Glattice (idealized, cubic, Kelvin, octet
in ascending order). This is further supported by the good agreement, for
all topologies, between scaling exponents of the modal stiffness of the 2nd
torsional mode (table 5) and Glattice (table 3).
Upper edge of the axial band gaps is defined by the second axial mode
in the long wavelength region (figures 6a6, b6, c6,d6). As in the second




= 0)). Thus, we predict that the modal stiffness of this
mode at small wavenumber will depend on Glattice. We inspect the dispersion
curves and observe that the frequencies increase with Glattice (in ascending
order: idealized, cubic, Kelvin, octet). We gain further evidence from the
good agreement in scaling exponents (table 3) for cubic, idealized foam, and
Kelvin metastructures. of 2nd axial mode (ka
π
= 0) modal stiffness (table 5)
and Glattice. In the octet metastructure, a slight difference between scaling
exponents is observed (about 16%). This may be due to the higher frequency
nature of this mode. Dynamic effects seem to introduce bending deformation
of the lattice struts, raising the scaling exponent. Like the 2nd bending mode,
we observe a transition on lattice property dependence of the 2nd axial mode
as wavenumber increases. In the long wavelength region, the modal stiffness
seems to depend on a combination of Elattice and Glattice. However, since this
side of the k-space does not define any of the band gaps of interest, we will
not go into further detail.
It is important to mention that at densities lower than about 3%, the octet
metastructure upper modes deviate from the power-law approximation. At
these lower densities, bending stiffness of the lattice struts of this metastruc-
ture is low compared to the Glattice (due to increasing slenderness ratio of the
struts with decrease in relative density). Thus, waves propagate through the
outermost struts and no shear like deformation is observed on the unit cells
surrounding the resonator.
It is not straightforward to realize a quantitative model that predicts the
modal frequencies based on lattice effective properties presented in section
4.1, however we present a general form to represent these frequencies in
section 6.1. This is because in the effective properties calculations, the lat-
tice unit is assumed to be periodic in all three dimensions, but the local
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boundary conditions of each lattice unit inside the metastructure depends
on its location, i.e., some lattice unit cells have one face attached to the res-
onator, some lattice unit cells have one face that is traction free, while other
lattice unit cells are connected to the surrounding lattice. The difference
in boundary conditions changes the behavior of the lattice units inside the
metastructure. Furthermore, because of the difference in geometry of the
lattices, the effects of boundary conditions may be different for the differ-
ent geometries. Predicting modal frequencies from static properties becomes
even more challenging for lattice modes due to their higher frequency. It has
been shown that a frequency-dependent elasticity is necessary to fully cap-
ture the dynamic behavior at the high frequency range [58,68]. Instead, here
we present a qualitative understanding of the physical differences among dis-
persion curves of different metastructures. These results motivate exploring
more deeply the lattice-resonator metastructure framework due to its rich
variety of wave propagation behaviors.
5.3 Influence of resonator size
To understand the influence of resonator size on band gaps, we calculate
dispersion relations for the Kelvin metastructure for three different resonator
sizes, at 8.3% lattice relative density (figure 8). We observe differences in
the dispersion relations for both resonator and lattice modes. A decrease
in the resonator’s side length, Lreso, causes two competing effects on the
lower resonator modes. One is that the stiffness of the lattice and thus the
modal stiffness decreases with decreasing Lreso, due to an increase in distance
between the resonator and the metastructure outer surface. Note that we
refer here to the stiffness of the lattice (dependent on length), as opposed
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to the modulus of the lattice (independent of length) discussed in earlier
sections. The second effect is that the modal mass decreases, causing an
increase in frequency of lower resonator modes: this effect dominates, since
overall the resonator mode frequencies increase with a decrease in resonator
size (figure 8).
The quantitative effect of resonator size on resonator mode frequency de-
pends on the mode shape. In the limit where the lattice has a negligible
contribution to modal mass, the modal mass of resonator modes that in-
volve translation of the resonator, Mt (1st bending resonator mode and axial
resonator mode) is proportional to the resonator’s mass, mreso, and thus
volume of the cube resonator, such that Mt ∝ Lreso3. The modal mass of
resonator modes that involve rotation of the resonator, Mr (2nd bending
resonator mode and torsional resonator mode) is proportional to the res-





such that Mr ∝ Lreso5. This explains why the 2nd bending resonator mode
and torsional resonator mode frequencies increase at a faster rate with a de-
crease in resonator size, compared to the 1st bending resonator mode and
axial resonator mode frequencies. This is evident in the comparison of mode
edge frequencies indicated with markers in figures 8a,b. Note that when the
resonator size decreases so much so that the lattice contribution to modal
mass is non-negligible, e.g., figure 8c, these relationships must include an
additional term that accounts for the lattice modal mass.
Upper lattice mode frequencies decrease with a decrease in the resonator
side length: lattice length between the resonator and exterior surface of the
metastructure increases, decreasing the modal stiffness. In addition, the total
lattice mass increases, increasing the modal mass of the lattice modes. Both
of these effects result in an overall decrease in upper lattice mode frequencies.
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Overall, a decrease in resonator size increases the frequencies of resonator
modes and decreases the frequencies of lattice modes. This decreases the
band gap width, and eventually the band gap closes (figure 8c).
Figure 8: Dispersion relations for the Kelvin metastructure with lattice
relative density of 8.3% and resonator side length equal to (a) 3L, (b) 2L,
and (c) L. The lowest band gaps are indicated by gray boxes. Markers
indicate the edge frequencies of modes of interest: 1st bending resonator
mode (blue-square), torsional resonator mode (orange-asterisk), axial
resonator mode (purple-circle), 2nd bending resonator mode
(green-diamond), torsional lattice mode (red-cross), and axial lattice mode
(gray-star).
5.4 Finite metastructure transmission results
To understand the attenuation efficiency of the proposed metastructures, we
simulated the frequency-dependent transmission for a harmonic axial exci-
tation through 6-unit cell finite metastructures at the same relative density
as the presented dispersion curves in figure 6. Results (figure 9a) show that
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the efficiency strongly depends on the metastructure’s geometry. In general,
wider band gaps result in stronger attenuation. Interesting comparisons arise
when the transmission is normalized on the frequency axis by the frequency
of the lower edge of the band gap (figure 9b). The structural peaks (lattice-
resonator “acoustic” modes) at low frequency almost align, and the initial
slope of the transmission into the band gap is the same for all metastruc-
tures. This highlights that in the low frequency range of the resonator modes,
all metastructures behave similarly, and are simply scaled with their lattice
effective properties. Beyond the band gap lower edge frequency, all metas-
tructures have very different frequency dependent behaviors, indicating that
the dynamics of the lattice geometries dominate. The Kelvin metastructure
has a sharp, deep attenuation dip, though it does not have the widest band
gap. The octet metastructure has the widest band gap with a large range of
deep attenuation. Localized modes appear in the band gap of the octet and
Kelvin metastructures. In all cases, the attenuation regions in the transmis-
sion curves correspond well to the axially-polarized band gap frequencies (see
section 6). We expect similar behavior in the other polarizations, as seen in
prior work [59].
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Figure 9: Frequency-dependent transmission for the cubic (blue solid),
idealized foam (red dashed), Kelvin (yellow dotted) and octet (purple
dashed-dotted) metastructures with lattice relative density equal to 8.3%.
(a) Transmission vs. frequency. (b) Transmission vs. normalized frequency.
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6 Performance parameters
It is our final objective to evaluate the metastructures in terms of their static
and dynamic properties. Here, we analyze standard band gap properties
and introduce multifunctional (dynamic and static) performance parameters
to compare the different metastructures over the range of lattice relative
densities. We use the concept of polarized band gaps [59] meaning band
gaps bounded by modes of a specific polarization, i.e., axial, bending, and
torsional modes. The metastructure’s modal displacements reveal the mode’s
polarization, which we use to determine the axial, bending, and torsional
polarized band gaps. We use polarized band gaps because it clarifies to
which static stiffness we should compare the band gaps. Further, in most
structural applications, it is typical to treat stiffness requirements in terms of
the deflection direction, such that requirements are imposed on well-studied
concepts of axial, bending and torsional stiffness. The mode of vibration that
propagates through the component is typically the same as the static stiffness
requirement. This approach allows us to systematically compare the band
gaps to the static behavior of the metastructures, by comparing the polarized
band gaps to the corresponding Kaxial, Kbend, and Ktors (section 4.2). It can
also aid in the selection of architected materials for structural components
that must comply with a minimum static stiffness while providing vibration
mitigation in the corresponding polarization.
For complex load conditions and cases where mode conversion occurs, the
corresponding band gaps occur in the overlapping region of the polarized
band gaps involved, and the relevant static properties would depend on the
specific application. The full band gap of these metastructures (figure 6) is
simply the overlap of all the polarized band gaps.
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It is important to highlight that since the major interest lies in achiev-
ing low band gap frequencies, we analyze only the first band gap of each
metastructure for each polarization. Our objective with the performance
parameters is to evaluate for low frequency and wide bands gaps, and high
static stiffness, all of which are highly relevant for most structural appli-
cations. Further, it should be noted that the load carrying capabilities of
metastructures at low relative densities has not been considered here, which
is beyond the scope of the paper but crucial in applications. However, stress
analysis of metastructure unit cells at the lowest lattice relative density shows
a maximum von Mises stress of about 5 MPa due to weight of the resonator,
which is well-below the ultimate strength of 3D printable stiff polycarbonate
materials.
6.1 Dynamic performance parameters
We evaluate the metastructures in terms of two standard dynamic perfor-
mance parameters: lower edge band gap frequency (flow) and normalized





where fhigh is the upper edge band gap frequency. Since we want to achieve
low frequency and broadband mitigation, metastructures with lower flow and
higher ∆f are considered more efficient. We present these parameters in
terms of lattice relative density for full, axial, bending, and torsional polar-
izations in figure 10. The results show a large variation in band gap parame-
ters that strongly depends on geometry and lattice relative density. At lower
relative densities, we achieve a 6-fold change in full flow and up to an 8-fold
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change in full ∆f , only by changing the lattice geometry and keeping mass
constant. As density increases, the difference in dynamic behavior of the
metastructures decreases. This is expected since as we increase the relative
density, we approach the bulk material
We observe that Kelvin and idealized foam metastructures are the “best
performing” in terms of full dynamic parameters since they support the low-
est and close to the widest band gaps. For axial polarization, the idealized
foam and Kelvin metastructures have the lowest band gaps and the octet and
the Kelvin metastructures have the widest band gaps, and for bending and
torsional polarizations, the cubic and idealized foam metastructures have the
lowest and widest band gaps.
Full band gaps are defined between mode numbers 4 and 5 (see figure 6)
for most relative densities studied. This only changes for the idealized foam
geometry at relative densities above 25% where mode a3 becomes stiffer than
mode a4 redefining the lower band gap edge. The lower edge modes of the
full band gaps are resonator modes (see d1–d4 in figure 7). Thus, the change
in lattice relative density has a negligible effect on modal mass. We can thus
approximate flow as proportional to the square root of the static effective
properties of the lattices:
flow ∝
√
aElattice + bGlattice (20)
where a and b are participation factors that account for the dependence of
the modal stiffness of the mode that defines flow on lattice static properties
(section 5.1).
The polarization of the full band gap lower edge mode is different for each
metastructure. For Kelvin and octet metastructures, the lower edge is defined
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by the second bending mode in the long wavelength region. The stiffness of







For the idealized foam metastructure, the mode defining the lower edge
is the second bending mode at high wave number, where modal stiffness is







The cubic metastructure lower edge mode is an axial mode that depends on
both Glattice and Elattice. However, as mentioned before, the cubic lattice has
a large Elattice compared to Glattice, so we neglect the Glattice dependence and
assume its behavior can be represented by equation 22. Lower edge frequen-
cies for full band gaps are plotted in double logarithmic scale in figure 10a.
There is good agreement between these results and equations 20-22, espe-
cially in the low relative density range. As lattice relative density increases,
we observe a slight decrease in slope because of increasing significance of
lattice mass on total modal mass of the metastructure.
The upper edge mode of the full band gaps is defined by the 2nd torsional
mode (figure 7d5). Coming up with a simple power expression that describes
the behavior of the frequencies of this mode is far more challenging than
for the lower modes and escapes the scope of this thesis. However, the
modal mass of this mode increases with increase in lattice relative density
(since displacement is mostly concentrated in the lattice) while modal mass
of lower modes remains approximately constant (since most modal mass is
in the resonator). An increase in modal mass causes a decrease in modal
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frequency; thus, fhigh grows at a slower rate than flow. This is why, for
most metastructures we observe a decrease in ∆f (figure 10e) with increasing
lattice relative density. The cubic metastructure is an exception to this trend.
The reason behind this is the mixed nature (in terms of stretch and bend
dominated behavior) of this lattice geometry. As mentioned in section 5, the
modal stiffness of the 2nd torsional mode is proportional to Glattice, where
Glattice ∝ ρrel2 for the cubic lattice, while the cubic metastructure lower edge
mode is dominated by Elattice (equation 22), where Elattice ∝ ρrel for the
cubic lattice. The larger scaling exponent of Glattice seems to prevail over the
increase in modal mass. The result is that fhigh grows at a faster rate than
flow, causing an increase in ∆f with increasing lattice relative density.
In contrast to the other polarizations, the bending band gaps are gener-
ated between two resonator modes (figures 6a1,a4,b1,b4,c1,c3,d1,d4). Thus,
we expect the general form presented in equation 20 to hold for both up-
per and lower edge modes. The lower edge modal stiffness was shown to be
proportional to Glattice, so equation 21 can be applied. However, the upper
edge mode is more complex, since the location in wavenumber spectrum that
bounds the band gap varies with geometry. For cubic and idealized foam stiff-
ness is proportional to Glattice (equation 21). However, for metastructures,
fhigh is bounded at
ka
π
= 0, where modal octet and Kelvin metastructures,
fhigh is bounded at
ka
π
= 1, where modal stiffness is proportional to Elattice
(equation 22). The scaling exponents of the lattice properties that dominate
the lower edge modes are equal to the ones that dominate the upper edge
modes for the cubic, octet, and idealized foam metastructures. Thus, we pre-
dict a relatively small change in ∆f across the relative density range. This is
confirmed by results presented in figure 10g. The Kelvin lattice has a slightly
higher Glattice scaling exponent compared to its Elattice, which supports the
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fact that ∆f decreases with relative density. A similar analysis can be done
for both axial and torsional dynamic parameters (figures 10b,d,f,h). In both
cases, the lower edge is defined by a resonator mode and the upper edge by
a lattice mode. Similar to the full band gaps, the axial parameters show the
mixed behavior of the cubic lattice produces an increase in ∆f with relative
density. This does not occur in the torsional polarization since both lower
and upper edge modes are dominated by Glattice.
6.2 Multifunctional performance parameters
Here, we evaluate the metastructures in terms of their multifunctional prop-
erties of static deformation and band gap properties. We analyze three dif-
ferent static stiffnesses: Kaxial, Kbend, and Ktors, which we can compare to
the axial, bending, and torsional polarized band gaps.We define two multi-





ηband gap width = Kstatic∆f (24)
where values of Kstatic are presented in section 4.2 and values of flow and
∆f are presented in the section 6.1. For simplicity, we choose to weight
stiffness and frequency parameters equal in our evaluation. We evaluate the
metastructures in terms of these performance metrics compared to lattice
and metastructure relative densities in figure 11.
Incorporating static properties into performance metrics changes the way
the metastructures are evaluated. For example, for axial deformations, the
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Figure 10: Dynamic performance parameters for all polarizations. (a) Full
flow. (b) Axial flow. (c) Bending flow. (d) Torsional flow. (e) Full ∆f . (f)
Axial ∆f . (g) Bending ∆f . (h) Torsional ∆f . Metastructure relative
densities are shown for comparison.
cubic metastructure has the lowest performance in terms of flow. This
changes completely in the multifunctional analysis. The cubic metastructure
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axial ηlower edge is the highest for all relative densities. Similarly, the octet
metastructure has a poor torsional flow but the highest torsional ηlower edge.
In bending, the cubic metastructure is the “best performing” for both dy-
namic and multifunctional parameters.
“Best performing” metastructures in terms of ηband gap width are also dif-
ferent than those of ∆f for axial and torsional polarization. For axial
ηband gap width, the highest values of performance are achieved by the octet
metastructure at low lattice densities and the cubic metastructure at higher
ones. The octet metastructure has the highest torsional ηband gap width. In
bending, the cubic metastructure shows the highest values similar to the
dynamic analysis.
The differences in the outcome of the dynamic and multifunctional per-
formance metrics show the importance of a multifunctional analysis. The
stiffness or frequency parameters could be weighted differently if the spe-
cific application requires better performance of one parameter compared to
another. One could redefine these parameters to include other mechanical
properties such as energy absorption, heat transfer, or yield strength to fit
certain criteria. Defining multifunctional metrics, can aid the design pro-
cess, and achieve higher levels of performance of multifunctional architected
materials.
6.3 Static stiffness vs. lower edge frequency
As another metric of performance, we directly compare Kstatic of the metas-
tructures with their flow for axial, bending and torsional polarizations (figure
12). The idealized foam metastructure shows slightly higher values of Kaxial
relative to flow for axial polarizations (figure 12a), and the idealized foam
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Figure 11: Multifunctional performance parameters for all polarizations.
(a) Axial ηlower edge. (b) Bending ηlower edge. (c) Torsional ηlower edge. (d)
Axial ηband gap width. (e) Bending ηband gap width. (f) Torsional
ηband gap width.Metastructure relative densities are shown for comparison.
and cubic metastructures show slightly higher Ktors relative to flow for tor-
sional polarization (figure 12c). However, overall there is not much difference
in the metastructure’s axial and torsional behavior, mainly because in these
polarizations, the metastructure’s Kstatic and the modal stiffness associated
with flow are proportional to the same lattice effective property.
More significant differences between metastructure geometries are observed
for Kbend vs. flow for bending (figure 12b). This is because Kbend is propor-
tional to both Elattice and Glattice, while the modal stiffness associated with
flow (1st bending mode) is proportional to only Glattice. Higher ratios of
Elattice to Glattice for the cubic and idealized foam lattices compared to that
of the octet and Kelvin lattices (figure 4) explain the significantly higher val-
ues of Kbend that can be achieved at a given flow with the cubic and idealized
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foam metastructures. Furthermore, the mixed behavior of the cubic lattice
allows us to break the typical quadratic relationship between Kstatic and flow
for the bending polarization. While all other stiffness-frequency curves follow
the well-established quadratic relationship between stiffness and frequency,
this relationship is instead approximately linear for the cubic metastructure
under bending. This is due to the mixed behavior of the cubic lattice (sec-
tion 4.1), i.e., it has different scaling exponents of Elattice and Glattice (table
3). In general, Kbend is proportional to both Elattice and Glattice such that
for the cubic metastructure Kbend ∝ ρrel1.45 (on average, see table 4), and
flow ∝
√
Glattice ∝ ρrel1.1 (figure 10c), which results in an approximately
linear relationship between Kbend and flow for bending.






We fabricate a finite 5-unit cubic metastructure with ρrel equal to 15%. To
do so, we print the metastructure in two halves using a FormLabs Form2
stereolithography (SLA) 3-D printer and Formlabs Tough Resin as printing
material. We later coat the steel resonators and the contact surfaces with
uncured resin of the same kind. We embed the resonators in one half and
place the two halves together. We place the metastructure in a FormLabs
Curing Oven for 120min at 60◦ C. The uncured resin cures in the oven acting
as a good adhesive between the two polymeric halves as well as the polymer
and the resonators.
To ease fabrication and testing of the metastructure, a few modifications
were made compared to the finite metastructures presented in section 2 and
shown in figure 1c. The modified metastructure is shown in figure 13a. The
lattice unit cell was changed from 4mm to 5mm to obtain band gaps within
the excitation range of the experimental set-up. A 1.5mm polymer layer was
added to the steel resonator in order to ease the placement of the resonators
during the fabrication process. We used a 5-unit cell metastructure due to
limitation of the build volume of the 3D printer. Also, a 5mm slab was
added to both ends of the metastructure to ease excitation and measurement
of vibrations in the experimental set-up.
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7.1.2 Experimental set-up and data processing
The experimental set-up is shown in 13c and a schematic in figure 13b. Using
double sided tape, we attach the metastructure to a steel block that is fixed to
the optical table. We use foam to support the structure without significantly
affecting the transmission. We hit the opposite side of the steel block with
a hammer. An impulse excitation travels through the block and into the
metastructure. We use the concept that an impulse excitation is composed
of a broad range of frequencies [69] to calculate transmission and coherence
functions from the impulse response. The coherence function is a well-known
concept in signal processing used to analyze the linearity of the system [70].
It is bounded between 0 and 1, where 1 is the coherence of a linear system.
We use coherence to analyze the quality of our data and the linear behavior
of the metastructure.
We measure input acceleration on the block face next to the metastructure
and output acceleration on the output face of the metastructure using PCB
356B11 triaxial accelerometers powered by a PCB 480B21 signal conditioner.
We acquire the data in a Tektronix MDO3034 mixed domain oscilloscope by
triggering the signal with the oscilloscope trigger function. The measurement








The sample rate is set to 1 million samples per second. The data is
filtered using an 8th-order elliptical filter in MATLAB and a filter cut-off
frequency(fcut−off ) equal to 15kHz to remove high-frequency content. We
later down sample the data to reduce post-processing time. To avoid aliasing,
the down sampling frequency (fs) is chosen such that the Nyquist frequency
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(fN = fs/2) is above fcut−off . In this case we choose:
fs = 2.5fcut−off = 37.5kHz (26)
We use MATLAB and the Welch’s averaged, modified peridiogram method
with five non-overlapping segments and rectangular windowing [71] to calcu-
late auto-power spectral density of the input (Sii) and output (Soo) signals
and cross-power spectral density of input to output (Sio). The Welch method
calculates power spectral densities at each of the segments and then averages
to obtain the final results. This increases the ∆f by 5 times, since we are
reducing the measurement period 5 times (see equation 25), but consider-










We perform 11 impulse tests and take the average transmission and coher-
ence to obtain the final results.
7.2 Experimental results
Dispersion relation, transmission and coherence functions are shown in fig-
ures 14a ,b, c respectively. We observe good agreement between experiments
and the predicted band gaps from finite and infinite simulations. A shift
towards lower frequencies of the experimental data is attributed to imperfec-
tions in the fabricated structure and variations of materials properties. The
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Figure 13: (a)Fabricated metastructure. (b) Schematics of experimental
set-up. (c) Experimental set-up
experimental results also seem to show higher levels of damping compared
to the simulated transmission. This may be due to underestimated values of
material isotropic loss factor (note that we approximate isotropic loss factor
using that of polycarbonate, see section 3.6) or due to damping in the double
sided tape that attaches the metastructure to the steel block. Results may
be improved by changing the attachment type and dynamic material char-
acterization. The coherence function obtains values close to 1 outside the
band gap region for both lower and upper pass-bands. This indicates good
quality of the data and linear behavior of the metastructure. Inside the band
gap, coherence levels decrease. This is expected since inside the band gap
the noise to output signal ratio is high.
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Figure 14: (a)Dispersion relation (blue lines represent 1st and 2nd axial
modes), (b) simulated (red) and experimental (blue) transmission, and (c)
coherence function of fabricated metastructure. Gray areas represent the
axial band gap predicted by the 1-dimensional infinite metastructure
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8 Conclusion
In this thesis, we studied static properties and vibration mitigation behavior
of metastructures that consist of different lattice geometries with embedded
resonators. Through calculations of the static stiffness of finite metastruc-
tures, we show that metastructure stiffness is closely related to the effective
static moduli of the lattice materials that compose them. The band gaps
of these metastructures with iso-density lattices show that we can achieve
large differences in band gaps by selectively placing the mass inside the lat-
tice unit cell. By inspecting the modal displacements and the dispersion
curves, we developed a qualitative understanding of the differences in band
gap parameters in terms of the effective static properties of the lattices. We
compared the exponential dependence on relative density of the modal stiff-
nesses of each metastructure mode, in the vicinity of the lowest band gap,
to the static effective properties of the lattices to further support this point.
We analyzed the transmission of the metastructures and found that the at-
tenuation efficiency strongly depends on lattice topology. Our results show
that the lattice effective properties drive the band gap frequencies, which is
interesting since the lattice is extremely finite with various boundary condi-
tions: there are only a few lattice unit cells in between each resonator, and
only a few lattice unit cells in the other dimensions.
We evaluated the metastructures over a range of lattice relative densities
from 1% to 28% (corresponding to metastructure relative densities from 61%
to 72%). Dynamic parameters of lower edge band gap frequency and band
gap width show the ability to tailor the band gap to a wide range of frequen-
cies, especially at lower relative density values. We introduce multifunctional
performance metrics to evaluate the metastructures in terms of their band
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gap properties and static stiffness, for general structural application consid-
erations. In both cases, performance of the metastructure strongly depends
on the polarization considered, and on whether only dynamic or both static
and dynamic properties are considered. This type of evaluation can be used
to formulate performance metrics that more accurately describe certain ap-
plications and could be modified to preferentially weight certain parameters
more than others. We directly compare metastructure static stiffness to po-
larized lower band gap edge frequency. A particularly interesting behavior is
observed in the bending polarization for the cubic metastructure, where the
relationship between static stiffness and lower edge frequency approaches a
linear behavior. This is primarily due to the mixed behavior of the cubic
lattice unit cell under shear and compression. Finally, we fabricate a cubic
metastructure and use impulse testing to validate the finite and infinite finite
element simulations.
While these metastructures may have application-specific drawbacks of ad-
ditional resonator mass, we show that this metastructure design can be used
to obtain a wide range of static and band gap properties by simply chang-
ing the lattice geometry. Further, our presented approach of understanding
the dynamic properties of metastructures in terms of the effective properties
of the lattice could be used to evaluate and interpret other designs, where
optimal performance may be obtained.
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